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Abstract
A topological space X is said to be consonant if the upper Kuratowski topology and the co-
compact topology defined on the set of all closed subsets of X coincide (otherwise, the space X
is said to be dissonant). One of the purposes of this paper is to study the notion of consonance,
and to solve some open questions which arise from different works about this notion. We give a
criterion of consonance which is based on the property of sequentiality, and which extends a result
of C. Costantini and P. Vitolo. We prove that Hausdorff locally kω-spaces are consonant, answering
a question of T. Nogura and D. Shakhmatov negatively. With the help of the concept of Radon
measure, we establish a criterion of dissonance. In particular, we give a dissonant hereditarily Baire
separable metrizable space, answering a question of T. Nogura and D. Shakhmatov positively, and
we prove that the Sorgenfrey real line is a dissonant space, giving a negative answer to a question
of S. Dolecki, G. Greco and A. Lechicki.
We also study the notion of hyperconsonance, that is, the coincidence of the convergence topol-
ogy with the Fell topology, and we give a positive answer to a question of M. Arab and the second
author of this paper.
Notice that all our results concerning the criterion based on Radon measures are the subject of
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1. Introduction
Let X := (X, T ) be a topological space, where T is the collection of all open subsets
of X . We denote by C(X) (respectively K(X)) the collection of all closed (respectively
compact) subsets of X . The collection of all open neighborhoods of a point x is denoted
by Vx.
We recall the definitions of four classical topologies on C(X). We begin with two
classical convergences. Let (Fα)α be a net in C(X) and F ∈ C(X). We consider the two
properties:
(a) ∀x /∈ F ∃V ∈ Vx ∃α0 ∀α > α0, V ∩ Fα = ∅,
(b) ∀x ∈ F ∀V ∈ Vx ∃α0 ∀α > α0, V ∩ Fα 6= ∅.
If (a) is true, one says that (Fα) uK-converges to F and one writes Fα uK−→ F . This
defines a convergence on C(X) which is called the upper Kuratowski convergence.
If (a) and (b) are true, one says that (Fα) c-converges to F and one writes Fα c−→ F .
Again, this defines a convergence on C(X) which is called the Kuratowski–Choquet
convergence.
Notice that Fα
c−→ F ⇒ Fα uK−→ F , that
Fα
uK−→ F if and only if
⋂
α
⋃
β>α
Fβ ⊂ F,
and that
if Fα
c−→ F, then F =
⋂
α
⋃
β>α
Fβ .
The finest topology among the topologies τ on C(X) which verify:
∀(Fα) ⊂ C(X) ∀F ∈ C(X), Fα uK−→ F ⇒ Fα τ−→ F
is called the upper Kuratowski topology and is denoted by TuK . Similarly, the finest
topology among the topologies τ on C(X) which verify:
∀(Fα) ⊂ C(X) ∀F ∈ C(X), Fα c−→ F ⇒ Fα τ−→ F
is called the convergence topology and is denoted by Tc.
The following collections:{F ⊂ C(X): ∀(F )α ⊂ F ∀F ∈ C(X), Fα uK−→ F ⇒ F ∈ F},{F ⊂ C(X): ∀(F )α ⊂ F ∀F ∈ C(X), Fα c−→ F ⇒ F ∈ F},
are the collections of all closed subsets of (C(X), TuK) and (C(X), Tc), respectively.
The cocompact topology Tco is the topology on C(X) generated by the base{{
F ∈ C(X): F ∩K = ∅}: K ∈ K(X)}.
The Fell topology TF is the topology on C(X) generated by the sub-base
Tco ∪
{{
F ∈ C(X): F ∩G 6= ∅}: G ∈ T }.
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We have:
TF ⊂ Tc
∪ ∪
Tco ⊂ TuK
In [10–12], S. Dolecki, G. Greco and A. Lechicki say that a space is consonant if
Tco coincides with TuK (otherwise, they say that the space is dissonant). They call a
collection P of subsets of a topological space X a compact family on X if the following
two conditions are satisfied:
(1) If A ∈ P and G is an open subset such that A ⊂ G, then G ∈ P ;
(2) If H is a collection of open subsets of X such that ⋃H ∈ P , then there exists a
finite subcollection H′ ⊂ H such that ⋃H′ ∈ P .
They give the following remarkable characterization: a collection F of closed subsets
of a topological space X is an open subset for the topology TuK if and only if the family
Fc = {X \ F : F ∈ F} is a compact family on X . This characterization allows them to
obtain many results, and in particular: every Cˇech-complete space is consonant.
One say that a family G of open subsets of a topological space X is compactly
generated if there exists K ⊂ K(X) such that
G = {G ∈ T : ∃K ∈ K, K ⊂ G}
(this definition is just the one of [12] restricted to the family of open subset of X).
A compactly generated family G is a compact family. Furthermore a family G of
open subsets of X is a compactly generated if and only if Gc is Tco-open. Hence, one
rediscovers that Tco ⊂ TuK and one has the following criterion of dissonance: to see that
X is not consonant, it suffices to find a compact family G of open subsets of X which is
not compactly generated, that is there exists G0 ∈ G such that for every compact subset
K ⊂ G0, {G ∈ T : K ⊂ G} \ G 6= ∅.
In [2,3], M. Arab and the second author study the topologies TF and Tc and say
that a space is hyperconsonant if TF coincides with Tc. They generalized in [2] a result
of D. Fremlin by proving that a locally paracompact first countable regular space is
hyperconsonant if and only if it has at most one point without compact neighborhood.
Also, in [3], for a large class of spaces, they obtained that the property of consonance is
equivalent to that of hyperconsonance.
In [19], T. Nogura and D. Shakhmatov obtained many results on consonance and
hyperconsonance. For example, they prove that every locally Cˇech-complete space is
consonant, and obtain that every hyperconsonant space is consonant.
In this paper, we introduce some new tools to study consonance and dissonance. This
allows us to solve some open problems.
In Section 2, making use of the notion of sequentiality, we give a criterion of con-
sonance generalizing a result of C. Costantini and P. Vitolo obtained for the class of
separable metrizable spaces. We also study kω-spaces, and we answer a question of [19]
negatively by proving that every Hausdorff locally kω-space is consonant.
In Section 3, we give a sufficient condition of dissonance which is based on the
notion of Radon measure, and we answer two questions of [19]. We exhibit a dissonant,
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hereditarily Baire, separable metrizable space, and we prove that every free ultrafilter
on the set of positive integers, identified with a subspace of the Cantor space, is a
dissonant, Baire, separable metrizable space. We also prove that the Sorgenfrey real line
is a dissonant space, answering a question of [11] negatively.
In Section 4, we give a class of spaces in which the property of consonance is equiv-
alent to that of hyperconsonance, generalizing a result of [3].
Most of the results of the Sections 3 and 4 are the object of the unpublished authors’
paper [1] which is mentioned in [4,8]. One important question was left open: Is the
space of rational numbers consonant? This was solved affirmatively and independently
by A. Bouziad [4]; D.H. Fremlin; J. Saint Raymond [21]; C. Costantini and S. Watson [8].
The method of A. Bouziad and D.H. Fremlin is based on our ideas of [1] and the theory
of Prohorov’s spaces.
2. Sequentiality and consonance
Recall some classical definitions. Let (X, T ) be a topological space. A subset F of X
is called sequentially closed if whenever a sequence (xn)n ⊂ F converges in X to x,
then x ∈ F . The collection of all sequentially closed subsets of X is the collection of all
closed subsets for a topology T S on X . We have T ⊂ T S = (T S)S . The space (X, T )
is called a sequential space [14] (and T is called a sequential topology) if T = T S , in
other words, if every sequentially closed subset of X is closed.
Let X be a topological space. The finest topology among the topologies τ on C(X)
which verify:
∀(Fn)n∈ω ⊂ C(X) ∀F ⊂ C(X), Fn uK−→ F ⇒ Fn τ−→ F
is denoted by TuK(s). Its collection of closed subsets is:{F ⊂ C(X): ∀(Fn) ⊂ F ∀F ∈ C(X), Fn uK−→ F ⇒ F ∈ F}.
The space (C(X), TuK(s)) is sequential, that is, (TuK(s))S = TuK(s). Furthermore, we
have TuK ⊂ (TuK)S ⊂ TuK(s).
The following theorem gives a characterization of the topology TuK(s). We need a
definition: we call a collection P of subsets of a space X a countably compact family
on X if the following conditions are satisfied:
(1) If A ∈ P and G is an open subset such that A ⊂ G, then G ∈ P .
(2) If (Gn)n∈ω is a sequence of open subsets of X such that
⋃
n∈ω Gn ∈ P , then
there exists n1, . . . , nm such that
⋃k=m
k=1 Gnk ∈ P .
Theorem 2.1. A collection F of closed subsets of a topological space X is open for the
topology TuK(s) if and only if Fc = {X \ F : F ∈ F} is a countably compact family
on X .
Proof. Let F ⊂ C(X) be an open subset for the topology TuK(s). We will prove that
Fc is a countably compact family on X . The first condition is obvious. We prove the
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second. Let (Gn)n∈ω be a sequence of open subsets of X such that
⋃
n∈ω Gn ∈ Fc. Put
Fn = X\Gn and F ′n =
⋂
k6n Fk . It is easy to see that F ′n
uK−→ ⋂n Fn. Since ⋂n Fn ∈ F
and F ∈ TuK(s), then there exists n0 such that F ′n0 ∈ F . That is,
⋃
k6n0 Gk ∈ Fc. We
have done.
Conversely. Let F ⊂ C(X) such that Fc is a countably compact family on X . We
show that F ∈ TuK(s). Let (Fn)n be a sequence in C(X) \ F and F ∈ C(X) such that
Fn
uK−→ F . Then
X \ F ⊂ X \
(⋂
n
⋃
k>n
Fk
)
=
⋃
n
(
X \
⋃
k>n
Fk
)
.
Suppose X \ F ∈ Fc. Since Fc is a countably compact family on X , there exists n0
such that
⋃
l6n0 (X \
⋃
k>l Fk) ∈ Fc. Since
X \ Fn0 ⊃
⋃
l6n0
(
X \
⋃
k>l
Fk
)
, then X \ Fn0 ∈ Fc,
that is Fn0 ∈ F . A contradiction. We conclude that X \ F /∈ Fc. Then F ∈ C(X) \ F ,
and hence C(X) \ F is a TuK(s)-closed subset. 2
Corollary 2.2. If X is a hereditarily Lindelo¨f space, then TuK = TuK(s), and therefore,
(C(X), TuK) is a sequential space.
Proof. Every countably compact family on a hereditarily Lindelo¨f space is a compact
family. 2
Remark. In the preceding corollary, we cannot replace the condition “X is a hereditarily
Lindelo¨f space” by the condition “X is a Lindelo¨f space”. Indeed, let ω1 be the first
uncountable ordinal. We endow the set X := ω1 ∪ {ω1} with the order topology. The
space X is compact, hence a Lindelo¨f space. It is not a hereditarily Lindelo¨f space since
the subspace ω1 is not a Lindelo¨f space. Now, the collection {G open: G ⊂ ω1, |G| > ω}
is a countably compact family which is not compact. Hence forX , TuK 6= TuK(s). Notice
that for the subspace ω1, we also have TuK 6= TuK(s). Furthermore it is locally compact,
then it is consonant. Since it is first countable (hence strongly Fre´chet), this provides us
with a consonant space such that Tco is not sequential (see Lemma 2.3 below).
A topological space X is called a strongly Fre´chet space (see [18]) if whenever (An)n
is a decreasing sequence and x ∈ ⋂nAn, then for every n there is xn ∈ An such that
(xn)n converges to x. If in this definition we take An = A for every n, then the space
is called a Fre´chet space. Every strongly Fre´chet space is a Fre´chet space and every
Fre´chet space is a sequential space.
Lemma 2.3. Let X be a strongly Fre´chet space. For every (Fn)n and F in C(X), we
have Fn
uK−→ F ⇔ Fn TuK−→ F ⇔ Fn Tco−→ F .
Proof. For every (Fn)n and F in C(X), we have that Fn uK−→ F ⇒ Fn TuK−→ F ⇒ Fn Tco−→
F , hence we have just to prove that Fn Tco−→ F ⇒ Fn uK−→ F . Consider (Fn)n ⊂ C(X)
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and F ∈ C(X) such that Fn Tco−→ F . We prove that
⋃
n
⋂
k>n Fk ⊂ F . For this, assume
that it is not the case and take x ∈ (⋃n⋂k>n Fk) \F . Since Fn Tco−→ F , we can assume
without loss of generality that x /∈ Fn for every n. We have that x ∈
⋃
k>n Fk for every
n. Since X is a strongly Fre´chet space, we choose for every n, xn ∈
⋃
k>n Fk such that
(xn)n converges to x. Take n0 such that xn /∈ F for every n > n0. The compact subset
K = {xn: n > n0} ∪ {x} is disjoint from F , and since Fn Tco−→ F , there exists n1 > n0
such that K ∩ Fn = ∅ for every n > n1. Then xn1 /∈
⋃
k>n1 Fk. This is a contradiction
with the fact that xn1 is already chosen in
⋃
k>n1 Fk. 2
Theorem 2.4. Let X be a topological space.
(1) If X is a consonant hereditarily Lindelo¨f space, then the topology Tco is sequential.
(2) If X is a strongly Fre´chet space and Tco is a sequential topology, then X is a
consonant space.
Proof.
(1) By Corollary 2.2, we have that TuK is a sequential topology. Since X is a conso-
nant space, Tco is also a sequential topology.
(2) By Lemma 2.3, we have that T SuK = T Sco . Since we have T SuK ⊃ TuK ⊃ Tco = T Sco,
we obtain that T SuK = T Sco. Then TuK = Tco, that is, the space X is consonant. 2
The following corollary generalizes a result of C. Costantini and V. Vitolo [7] obtained
for the class of separable metrizable spaces.
Corollary 2.5. If X is a hereditarily Lindelo¨f strongly Fre´chet space, then X is a con-
sonant space if and only if the topology Tco is sequential.
Now we examine the property of consonance for the class of kω-spaces. For this fact,
let us recall that one says that a space X is determined by a cover A of its subsets if
every subset F of X is closed provided that F ∩A is closed in A for every A ∈ A.
A space which is determined by its compact subsets is called a k-space. Every Haus-
dorff sequential space is a k-space. A space which is determined by a countable family
of its compact subsets is called a kω-space. Every T1 kω-space is a Kσ-space and hence
it is a Lindelo¨f space. Notice that every kω-space is hemicompact and that these two
notions coincide on the class of T1 k-spaces.
A space is called locally kω-space if every x ∈ X has a neighborhood which is a
kω-space.
T. Nogura and D. Shakhmatov [19] studied kω-spaces and proved that every T1 regular
locally kω-space is consonant. For a generalization of this result we need the following
lemma:
Lemma 2.6. Every Hausdorff kω-space is regular.
Proof. We will prove a stronger result: every Hausdorff kω-space is normal. Let X be a
Hausdorff kω-space and let (Kn)n>1 be a family of compact subsets which determine X .
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Without loss of generality, we can assume that Kn ⊂ Kn+1, for every n > 1. Let F and
F ′ be two disjoint closed subsets of X . We will construct by induction two sequences
(Un)n and (U ′n)n such that for every n > 1,
(1) Un and U ′n are open subsets of Kn.
(2) F ∩Kn ⊂ Un ⊂ Un+1 and F ′ ∩Kn ⊂ U ′n ⊂ U ′n+1.
(3) Un ∩ U ′n = ∅.
Since every Hausdorff compact space is normal, let U1 and U ′1 be two open subsets
of K1 which contain F ∩K1 and F ′ ∩K1, respectively, and such that U 1 ∩ U ′1 = ∅.
Assume that the construction carried out till n. Put A = (F ∩ Kn+1) ∪ Un and
B = (F ′∩Kn+1)∪U ′n. It is clear that A and B are disjoint and closed subsets of Kn+1.
Then we can choose two open subsets Un+1 and U ′n+1 of Kn+1 which contain A and
B, respectively and such that Un+1 ∩ U ′n+1 = ∅.
Now put U =
⋃
n>1 Un and U ′ =
⋃
n>1 U
′
n. We have that F ⊂ U and F ′ ⊂ U ′, and
for every n and m, we have Un ∩U ′m ⊂ Umax(n,m) ∩U ′max(n,m) = ∅. Hence U ∩U ′ = ∅.
It remains to prove that U and U ′ are open subsets of X . For every n > 1, we have
U ∩Kn =
(
n⋃
k=1
Uk
)
∪
⋃
k>n
(Uk ∩Kn) = Un ∪
⋃
k>n
(Uk ∩Kn).
Since Kn ⊂ Kk for every k > n, then Uk ∩Kn is open subset of Kn. So U ∩Kn is an
open subset of Kn. We conclude that U and (with the same proof) U ′ are open subsets
of X . 2
The following theorem, which results from Lemma 2.6 and the afore-mentioned result
of T. Nogura and D. Shakhmatov, answers negatively their Question 11.18 of [19].
Theorem 2.7. Every Hausdorff locally kω-space is a consonant space.
3. Radon measures and consonance
Throughout this section we assume that all topological spaces are Hausdorff and all
measures are finite.
Let (X, T ) be a topological space. We denote by B(X) the Borel σ-algebra in X . By
a measure in the space X , we mean a measure defined on B(X). A measure µ in X is
called τ -additive if for every family H of open subsets of X and for every ε > 0, there
exists H′ ⊂ H, H′ finite, and µ(⋃H′) > µ(⋃H) − ε. Every measure in a hereditarily
Lindelo¨f space is τ -additive.
A measure µ in X is called a Radon measure if for each B ∈ B(X), we have
µ(B) = sup
{
µ(K): K ∈ K(X); K ⊂ B}.
It is easily verified that µ is a Radon measure if and only if for each open subset G of
X , we have sup{µ(K): K ∈ K(X); K ⊂ G} = µ(G).
Every Radon measure in a topological space is τ -additive.
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Recall that a space X is called a Radon space (respectively a pre-Radon space) if
each measure (respectively τ -additive measure) in X is Radon. Every Polish space is
a Radon space and every ˇCech-complete space is a pre-Radon space. (For a study of
Radon measures, one can consult [5,16].)
Theorem 3.1. Let X be a topological space for which every compact subset is a Gδ-set,
and µ a τ -additive measure on X . If µ is a not a Radon measure, then X is a dissonant
space.
Proof. Since µ is a not a Radon measure, let G0 be an open subset of X such that
β = µ(G0) > sup{µ(K): G0 ⊃ K ∈ K(X)} = α.
Using the fact that µ is τ -additive, it is easy to verify that
G = {G ∈ T : µ(G) > 12 (α+ β)}
is a compact family on X . Now it is suffisant to show that G is not compactly generated.
Let K be a compact subset of X such that K ⊂ G0. We have µ(K) < 12 (α+ β). Since
K =
⋂
nGn where (Gn)n is a decreasing sequence of open subsets of X , there exists
n0 such that µ(Gn0 ) < 12 (α + β). Hence we have Gn0 ∈ {G ∈ T : K ⊂ G} \ G 6= ∅.
Thus G is not compactly generated. It follows that (X, T ) is a dissonant space. 2
Corollary 3.2. Every consonant space for which every compact subset is a Gδ-set is a
pre-Radon space.
The following result answers negatively a question of [11, p. 3].
Corollary 3.3. The Sorgenfrey line is a dissonant space.
Proof. Recall that the Sorgenfrey line is the set R of reals numbers endowed with the
topology TS generated by the collection {[a, b[: a < b; a, b ∈ R}.
It is well known that (R, TS) is a hereditarily Lindelo¨f space such that every compact
subset is a countable Gδ-set (see [13]). Furthermore the Borel σ-algebra in R for the
Sorgenfrey topology coincides with that for the usual topology Tu. Take a diffused
probability measure µ in (R, Tu). We have that sup{µ(K): K ∈ K(R, TS)} = 0 < 1 =
µ(R). That is, (R, TS) is not a pre-Radon space, and hence it is dissonant. 2
Now, we give a result which will allow us to construct some dissonant spaces.
Theorem 3.4. If X is a regular hereditarily Lindelo¨f space and µ is a Radon measure
in X , then every non-µ-measurable subspace A of X is a dissonant space.
Proof. The restriction µA on B(A) is a τ -additive measure in A (see [16, Construc-
tion 3.5]). Every compact subset of A is a Gδ-set.
One denotes by µ∗ (respectively µ∗) the inner (respectively outer) measure in X . Since
sup
{
µA(K): K ∈ K(A); K ⊂ A
}
6 µ∗(A) < µ∗(A) = µA(A),
B. Alleche, J. Calbrix / Topology and its Applications 93 (1999) 207–218 215
then the measure µA is a non-Radon measure in A, and by using Theorem 3.1, the space
A is a dissonant space. 2
Classically, one have the identification P(ω) ≡ {0, 1}ω, where P(ω) is the set of
subsets of ω. Hence a filter U on ω will be considered as a subspace of the Cantor space
{0, 1}ω.
The following result answers Question 11.1 of [19] positively.
Corollary 3.5. Every free ultrafilter U on ω is a dissonant, Baire, separable metrizable
space.
Proof. Let U be a free ultrafilter on ω. Consider the Haar probability m on {0, 1}ω.
According to M. Talagrand’s results [20], the subspace U of {0, 1}ω is a Baire space,
and it is non-m-measurable. Now, by Theorem 3.4, we see that the space X is a dissonant
space. 2
Recall that a space X is called a hereditarily Baire space if every closed subspace
of X is a Baire space. Every ˇCech-complete space is a hereditarily Baire space. In [9],
G. Debs showed that a space is a hereditarily Baire space if and only if each of its closed
subspace is of the second category in itself.
Recall that a topological space B is called a Bernstein space if it is a subspace of a
nonvoid Polish space X (called associed with B) with no isolated point, such that if K
is an uncountable compact subset of X , then B ∩K 6= ∅ 6= (X \B)∩K (see [17]). The
following result answers Questions 11.1 and 11.6 of [19] positively.
Corollary 3.6. Every Bernstein space is a dissonant, hereditarily Baire, separable
metrizable space.
Proof. Let B be a Bernstein space, and X its associed Polish space. Let µ be a diffused
probability measure in X . Notice that the measure µ is a Radon measure, and hence is
τ -additive. We will prove the two following claims:
Claim 1. B is a hereditarily Baire space.
Arguing by contradiction, assume that B contains a closed subspace F which is of the
first category in itself. Then, the subspace F is of the first category in the Polish subspace
F of X and F \F contains a Gδ-subset S of F which is dense in F (where the closure
is taken with respect to X). The Polish subspace S is countable, otherwise, it contains a
copy of the Cantor space which is disjoint from B, a contradiction. Then the subspace S
is a countable Polish space and by the Baire Category Theorem, it contains an isolated
point x0. Let G be an open subset of F such that G ∩ S = {x0}. Since G ∩ F 6= ∅,
the open subset G \ {x0} of F is nonvoid. But we have (G \ {x0}) ∩ S = ∅. This is a
contradiction with the fact that S is dense in F . Hence B is a hereditarily Baire space.
Claim 2. B is a non-µ-measurable subset of X .
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Indeed, the measure µ is diffused and then µ(A) = 0 for every countable subset
A ∈ B(X).
Since µ is a Radon measure and every compact subset of B is countable, then µ(B′) =
0 for every B′ ∈ B(X) such that B′ ⊂ B. We conclude that µ∗(B) = 0. In the other
hand, by the same proof we have µ∗(X \B) = 0. Then µ∗(B) = 1. It follows that B is
non-µ-measurable.
Now by Theorem 3.4 the Bernstein space B is a dissonant, hereditarily Baire, separable
metrizable space. 2
4. Consonance and hyperconsonance
We know that a consonant space need not be hyperconsonant. Indeed, every completely
metrizable space is consonant [11], but a metrizable space is hyperconsonant if and only
if it has at most one point without compact neighborhood (D. Fremlin [15]).
In [2], M. Arab and the second author study consonance and hyperconsonance and
prove their equivalence for a subclass of the class of point-spaces (a space is called
point-space if it is T1, countable, and has exactly one accumulation point). It follows
immediately from [19, Theorem 2.6], that every hyperconsonant space is consonant.
In this section we will give a large class for which these two notions are equivalent.
Precisely, we have the following result:
Theorem 4.1. If X is a Hausdorff topological space such that at most one point of X is
without compact neighborhood, then X is consonant if and only if it is hyperconsonant.
The following corollary answers a question of [3] positively.
Corollary 4.2. A point-space is consonant if and only if it is hyperconsonant.
For the proof of Theorem 4.1, we need some results and definitions. Let X be a
topological space and A be a collection of subsets of X .
We put
H↑(A) = {F ∈ C(X): ∃A ∈ A, A ⊂ F}.
Lemma 4.3. Let X be a topological space and F a family of closed subsets of X . If F
is a Tc-closed subset, then H↑(F) is a TuK-closed subset.
Proof. Let (Fα)α∈Λ be a net in H↑(F) and F ∈ C(X) such that Fα uK−→ F . For every
α, take F ′α ∈ F such that F ′α ⊂ Fα. Since every net has an universal subnet and every
universal net in C(X) c-converges, take (F ′αβ )β a subnet of (F ′α)α and F ′ ∈ F such
that F ′αβ
c−→ F ′. Since Fαβ uK−→ F , we see easily that F ′ ⊂ F . We conclude that
F ∈ H↑(F), and hence H↑(F) is a TuK -closed subset. 2
Lemma 4.4. For every topological space X and every F ⊂ C(X), we have H↑(FTc) =
FTuK .
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Proof. Applying Lemma 4.3 we have FTuK ⊂ H↑(FTc).
Conversely. Since the topology Tc is finer than TsK , then FTc ⊂ FTuK . Hence,
H↑(FTc) ⊂ H↑(FTuK ) = FTuK . 2
Proof of Theorem 4.1. Let X be a Hausdorff topological space. We have just to prove
that X is hyperconsonance if it is consonant and has exactly one point x0 without compact
neighborhood. Let F be a Tc-closed subset of C(X) and F ∈ FTF . We will show that
F ∈ F .
Case 1. If x0 ∈ F , take (Fα)α∈Λ a net in F such that Fα TF−→ F . For x ∈ F , let V be
an open neighborhood of x. There exists α0 ∈ Λ such that for every α > α0, we have
V ∩Fα 6= ∅. For x ∈ X \F , let V be a compact neighborhood of x such that V ∩F = ∅.
Then there exists α0 ∈ Λ such that for every α > α0, we have that V ∩ Fα = ∅. Then
Fα
c−→ F , and hence F ∈ F .
Case 2. Now, assume that x0 /∈ F . We have that F ∈ FTF ⊂ FTco = FTuK = H↑(F).
If F = ∅, since F ∈ H↑(F), we have F ∈ F .
Assume that F 6= ∅. Let H be the collection of all nonvoid finite subsets of F , and
for every x ∈ F , let Vkx be the family of all compact neighborhoods of x.
Put
D = {(H, (Vx)x∈H): H ∈ H; ∀x ∈ H, Vx ∈ Vkx}.
We direct D with the pre-order 6 defined as following: (H, (Vx)x∈H) 6 (H ′, (V ′x)x∈H′)
if H ⊂ H ′ and for every x ∈ H, Vx ⊃ V ′x.
For every (H, (Vx)x∈H) ∈ D, put
F(H,(Vx)x∈H) =
{
F ′: F ′ ∈ F ; ∀x ∈ H, F ′ ∩ Vx 6= ∅
}
.
One verifies that F(H,(Vx)x∈H) is a Tc-closed subset. Furthermore we have that the set
G(H,(Vx)x∈H) =
{
F ′: F ′ ∈ C(X); ∀x ∈ H, F ′ ∩ V
◦
x 6= ∅
}
is a TF -open neighborhood of F . Now we will construct a net
(F(H,(Vx)x∈H))(H,(Vx)x∈H)∈D
in F such that F(H,(Vx)x∈H) c−→ F .
Fix (H, (Vx)x∈H) ∈ D. Let V be a TF -open neighborhood of F . Since F ∈ FTF and
G(H,(Vx)x∈H) ∩ F ⊂ F(H,(Vx)x∈H), we have
∅ 6= V ∩ G(H,(Vx)x∈H) ∩ F ⊂ V ∩ F(H,(Vx)x∈H).
Since V is arbitrary, we have
F ∈ FTF(H,(Vx)x∈H) ⊂ F
Tco
(H,(Vx)x∈H) = F
TuK
(H,(Vx)x∈H).
By Lemma 4.4, we can choose F(H,(Vx)x∈H) ∈ F(H,(V )x∈H) such that F(H,(Vx)x∈H) ⊂ F .
It is easily verified that F(H,(Vx)x∈H)
c−→ F (if we pick x ∈ F and V a compact
neighborhood of x, we have that for each (H, (Vx)x∈H) > ({x}, V ), F(H,(Vx)x∈H)∩V 6=
∅). Since every element F(H,(Vx)x∈H) is in F and since F is a Tc-closed subset, we get
F ∈ F .
218 B. Alleche, J. Calbrix / Topology and its Applications 93 (1999) 207–218
From Cases 1 and 2, we conclude that F is a TF -closed subset, and hence the space
X is hyperconsonant. 2
References
[1] B. Alleche and J. Calbrix, Topology supe´rieure de Kuratowski et mesure de Radon, Preprint
(unpublished), June 1995.
[2] M. Arab and J. Calbrix, Sur la topologie de Fell et la topologie de la convergence, C. R. Acad.
Sci. Paris 318 Se´r. I (1994) 549–552.
[3] M. Arab and J. Calbrix, Comparison of some classical topologies on hyperspaces, Set-Valued
Analysis 5 (1997) 47–55.
[4] A. Bouziad, Borel measures in consonant spaces, Topology Appl. 70 (1996) 125–138.
[5] A. Bouziad and J. Calbrix, The´orie de la Mesure et de l’Inte´gration, P.U.R. Univ. Rouen 185
(1993).
[6] G. Choquet, Convergences, Ann. Univ. Grenoble 23 (1947–1948) 57–112.
[7] C. Costantini and P. Vitolo, On the infimum of Hausdorff metric topologies, Proc. London
Math. Soc. 70 (1995) 441–480.
[8] C. Costantini and S. Watson, On the dissonance of some metrizable spaces, Topology Appl.
84 (1998) 259–268.
[9] G. Debs, Espaces he´re´ditairement de Baire, Fund. Math. 129 (1988) 199–206.
[10] S. Dolecki, G. Greco and A. Lechicki, Compactoid and compact filters, Pacific J. Math. 117
(1985) 68–69.
[11] S. Dolecki, G. Greco and A. Lechicki, Sur la topologie de la convergence supe´rieure de
Kuratowski, C.R. Acad. Sci. Paris 312 Se´r. I (1991) 923–926.
[12] S. Dolecki, G. Greco and A. Lechicki, When do the upper Kuratowski topology (homeo-
morphically, Scott topology) and the co-compact topology coincide?, Trans. Amer. Math.
Soc. 347 (8) (1995) 2869–2883.
[13] R. Engelking, General Topology (Heldermann, Berlin, 1989).
[14] S.P. Franklin, Spaces in which sequences suffice, Fund. Math. 57 (1965) 102–114.
[15] D.H. Fremlin, Topologies on spaces of subsets, private communication.
[16] R.J. Gardner and W.F. Pfeffer, Borel measures, in: K. Kunen and J.E. Vaughan, eds., Handbook
of Set-Theoretic Topology (North-Holland, Amsterdam, 1984) 961–1043.
[17] E. Hewitt and K. Stromberg, Real and Abstract Analysis (Springer, New York, 1965).
[18] E. Michael, A quintuple quotient quest, General Topology Appl. 2 (1972) 91–138.
[19] T. Nogura and D. Shakhmatov, When does the Fell topology on the hyperspaces of closed sets
coincide with the meet of the upper Kuratowski and the lower Vietoris topologies?, Topology
Appl. 70 (1996) 213–342.
[20] M. Talagrand, Compacts de fonctions mesurables et filtres non mesurables, Studia Math. 68
(1980) 13–43.
[21] J. Saint Raymond, Espaces me´trisables dissonants, Manuscript Universite´ de Paris 6 (1995).
